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Abstract 

We study the effective field theory of a weakly coupled 3+ Id 
gauged 0^ type model at high temperature. Our model has AN real 
scalars (A^ complex Higgs doublets) and a gauge group SU{2) which 
is spontaneously broken by a nonzero scalar field vev at zero temper- 
ature. We find, for sufficiently large A^, that the transition from the 
high temperature symmetry restoring phase to the low temperature 
phase can be either first order or second order depending on the ratio 
of the gauge coupling to the scalar self coupling. 



Recently there has been much interest in the nature of the high temper- 
ature electroweak phase transition. It has been known for some time that 
at high enough temperature the ground state of the electroweak model is 
symmetry preserving |jl|, even if the zero temperature ground state is not. 
What is not well understood is how the transition from the high temperature 
phase to the low temperature phase proceeds. If the phase transition is first 
order, it may be possible to generate the baryon asymmetry of the universe 
(BAU) within the electroweak model itself 0,0,11, 

It is currently believed that the phase transition is first order, but too 
weakly first order for the purposes of generating the BAU [|],0- A one-loop 
high temperature calculation suggests that the electroweak phase transition 
is first order [Q. However, the high temperature field theory suffers from 
infrared divergence problems. A partial resummation of higher loop con- 
tributions implies that the strength of the first order transition is reduced 
relative to the one-loop result ||],0, |f^,[p!0|. 



In this letter we would like to point out that higher loop contributions 
may not only reduce the strength of the first order transition but actually 
result in a second order phase transition. We study not the full electroweak 
theory but a weakly coupled gauged 0^ model. The gauge group is SU{2) 
and we work with AN real scalars {N complex Higgs doublets). Each of the 
SU{2) Higgs doublets is coupled to the same gauge fields. 

Our analysis follows [0. The 3-|-ld model is, at high temperature, for- 



mally equivalent to a euclidean field theory with one compact dimension. For 
physics at scales less than 0{T) it is sufficient to study the effective 3d La- 
grangian that results from integrating out the compact dimension. Vacuum 
polarization effects can be computed exactly in three dimensions, in contrast 
to four dimensions. Furthermore, the explicit (f)'^ term can be removed by 
introducing a dimension two auxiliary field x |]12[, |T^,|]n[. The auxiliary 



field allows for a straightforward computation of all the quantum corrections 
that survive in the limit of arbitrarily large A^. The corrections that survive 
depend on how the gauge coupling and scalar self coupling are held fixed as 
A^ increases. 

We find that if g"^ /\ < 0(1), where g is the 4d gauge coupling and A 
is the scalar self-coupling, the effective scalar potential V^ff admits only a 
2nd order phase transition at large A^. This is because vacuum polarization 
effects at nonzero external momentum prevent any Tcjr" term from appearing 
in Veff- This is in contrast to the case g"^ /\ ~ 0{N) for which a first order 

1 



phase transition is still possible. 

These conclusions are the same as for the high temperature abelian Higgs 



model studied by one of the current authors in [ITT] . The results are the same 
because at large N and weak coupling the nonabelian nature of the SU{2) 
group is not important and the three SU{2) gauge fields interact with the 
scalars like three abelian gauge fields. 

In the abelian case, it was shown that the next-to-leading corrections 
compete with the leading corrections in the 1/N expansion when A^ = 1 and 
g"^ /\ ~ 1. Therefore, one may question the applicability of the our results 
here to the physically interesting situation of one Higgs doublet, especially 
since the number of SU{2) gauge fields is just one less than the number of 
scalars in this case. However, the leading order and next-to-leading order 
result for V^ff just corresponds to resuming some infinite classes of Feynman 
diagrams in a way that avoids overcounting any of them. For example, for 
g'^/X < 0(1), the 0(1) result for Vefj that we derive below includes the 
diagrams of Figure 1. The fact that in a systematic approach the phase 
transition is second order at 0(1) in Ve/f when g'^/X < 0(1) means that any 
first order behaviour comes from at best 0(1/A^) terms in Ve/f. Therefore, 
all 0(1/A^) terms must be computed in a systematic way in order to make 
a reliable statement about the phase transition in the A^ = 1 case. Such a 
computation does not currently exist in the literature, even for the abelian 
Higgs model. We are currently trying to develop a different 1/A^ expansion 
that we feel will be more suited to the electroweak model. Namely, to work 
with N real scalars and the four SU{2) x U{1) gauge fields in A^ dimensions. 
For A^ bigger than four, such a model is nonrenormalizable but can be treated 
as an effective low energy theory. 

What we present below is a straightforward generalization of the results 



of [^. For technical details, the reader is referred to |Tl[. Related works. 



in the case of a pure scalar theory, are references [13|,|15|, [16] and [IS 



The 3d effective field theory of high temperature gauged (j)'^ models has been 



previously studied using the e-expansion technique in ref. [17[, and more 



recently in []TB||. Recently, the abelian Higgs model has also been studied in 



using a different method than the one considered in [^. The authors 



of [^ establish a range in parameter space (A, g) where the phase transition 
is first order, although no definite prediction of a second order transition is 
made for parameter values outside this range. 



The tree level Lagrangian we consider here is 

L[0, A] := ND,(t>\D^<p^ - ^Tr F^.F'^^ - ^(0), (1) 



where the tree potential is 



n0):=^(0^0^-^f , (2) 

and the kinetic terms can be expanded using 

D.ct^A ■■= (d, + ^A^) ^A (3) 

and 

F^, := d^A, - d,A, + ^[A^, A,]. (4) 



Our conventions are as follows. This is the 3+ld Minkowski space Lagrangian 
with metric r]^y :=diag(+, — , — , — ). The indices A, 5, etc., run from 1 to A^. 
Each field (p^ is a complex Higgs doublet. The gauge and scalar couplings 
are g and A, respectively. The three SU{2) gauge fields A^, a = 1, 2, 3, are 
defined via A^ := A't^Ta-, where Tj are half the pauli matrices. The purely 
scalar part of the Lagrangian is normalized to have an overall factor of A^ 
only for later convenience; the kinetic term can be put in a canonical form 
by the rescaling (p —* cp/yN . Finally, we remark that in order to avoid any 
problems associated with triviality [^ we treat our model as an effective 
low energy theory valid below some scale A. 

To study the high temperature phase transition of the model @) we follow 
the procedure outlined in |T^ . We first write the corresponding euclidean ver- 



sion of d^). The euclidean coordinates are (r, x), where at high temperature 
r describes the compact dimension. All fields are periodic in r with period 
(3 = 1/T. At sufficiently high T the model is effectively three dimensional, a 
fact that we exploit below. 

The four dimensional fields can be expanded as 

0^(f,r) = Y.<PniS)r{r), A^(f,r) = ^ A^(f)V^'^(r) (5) 

n n 

where ip^ are a complete set of periodic functions on the circle, ip"'{0) = 
%l)^{(3). Thus, each 4d field yields an infinite tower of 3d fields when the 



compact dimension is integrated out in the action. For what we are interested 
in only the zero modes n = 0, for which ip'^ir) = ip^{0), are important in the 
effective 3d model. This is because for n 7^ the fields (j)^, A^ pick up large 
nonzero masses of 0{T) from the 4d kinetic term. Truncating the spectrum 
to keep only the zero modes and integrating out the compact dimension gives 
the effective 3d Lagrangian 

+tr ({D^pf + i-F„„-F™") + fv^AmA"' + p')^ 
+i~g^ {d^V^A^V - vU'^d^ip) (6) 

where we have defined the three dimensional fields and coupling constants 

A^:=^A^, p:=v^AO, g := g/VP (7) 

in terms of the zero modes of the four dimensional euclidean fields and the 
four dimensional coupling constants. We have suppressed indices labeling the 
number of Higgs doublets so that, for example, v^V = va^"^- The indices 
m, n are used for the euclidean spatial coordinates. The 3d field strength is 
^mn = dm An — dm Am + ig[Am, An]/VN. The 3d gaugc covariaut derivative 
on the scalars p is DmP = dmP+ig[Am, p]/viV. Finally, Am = AJ^, dm = d^. 

Therefore, the three dimensional model we study is a gauged Higgs model 
with an extra triplet of real scalars p := p"'Ta in the adjoint representation 
of SU{2). These extra scalars are just the zero modes of the 4d longitudinal 
gauge bosons, while the 3d gauge bosons are just the zero modes of the 4d 
transverse gauge bosons. 

Before proceeding we would like to stress some important points. As 
shown in Jl^, if one integrates out the nonzero modes n 7^ at the quantum 



level rather than just truncating the spectrum, there is a finite 0{T) cor- 
rection to the mass of (f. This correction is very important, indeed it is the 
term that gives symmetry restoration at high enough temperature. We will 
obtain this term another way, in analogy with what one does in effective low 
energy theories of the strongly interacting standard model or effective four 
dimensional supergravity models inspired by string theory p^ . 



The three dimensional field theory will be divergent and it must be regu- 
lated. In fact, the only divergent integrals that will be important are linearly 
divergent and we will regulate them by simply using sharp momentum cut- 
ofi^s. We then give a physical interpretation to the cutoffs, i.e. the scale at 
which the full four dimensional physics becomes important. This scale is 
of 0{T). This interpretation is in complete analogy with, for example, the 
effective 4d theories where the regulating scale is taken to be of order the 
compactification scale. In our case the identification of the cutoffs with T can 
be made precise because the corresponding 4d corrections are well known. 



In |Tl| it was shown for the pure scalar case that if one regulates all 
divergent integrals with the same cutoff A then the identification A = vr^T/G 
reproduces exactly the T^ results from the four dimensional integrals. In 
general, for a model with different types of particles and different couplings, 
one should use different cutoffs for the different divergent terms that appear 



in Veff IQ . This is because the 3d effective theory does not know the precise 



way in which the full four dimensional physics enters at scales of O (T) . In JTl] 



it was also shown that, in order to obtain the correct temperature dependent 
electric mass for the 4d abelian gauge field, a different cutoff A' = 7r^T/3 
must be used to regulate the linearly divergent vacuum polarization of the 
zero mode of the 4d longitudinal gauge field. All of this will be seen more 
explicitly below. 

We remark that since the four dimensional model (1) is only valid up to 
a scale A we must require A, A' < A, i.e. that T is sufficiently small. Finally 
note that the 4d effective potential Veff{4>) can be obtained from the three 
dimensional potential Veff{ip) by dividing by (3 and using (7). 

To calculate the dominant corrections to Veff it is now convenient to in- 



troduce a dimension two auxiliary (real) field x illl; EH' 113 • This technical 
trick allows one to write a closed expression for the corrections to Veff that 
do not fall with A^. Specifically, we work with the 3d Lagrangian 



L[^,X,Ap] ■■= ^b,Ap] - y (x- 2(^V-^^)j 



(8) 



in which the potential piece becomes 



Vi^, X) = -N^ + Nxi^^V - v'). (9) 

A 



The original form (3) can be recovered by using the equation of motion for 

X- 

To calculate Veff{^) we proceed as follows ^^,[|3]- First, we expand (|^) 



about spatially constant backgrounds ip"^, x thus 



"A 



deleting all terms linear in the quantum fields (p, x, A and p. We need not 
keep backgrounds for A and p because we are only interested in the effective 
scalar potential. To this we must add gauge fixing and ghost terms. We 
chose 

L,.f. = ^ {d-'A^, + i~ga[p^T'^^ - ^^T'^^])' (n) 



and 



'^ghost = d'^rDm^a + \9^Cir^^^da 



~2 

^ ":(^t^#(p + (pt^t^^) (12) 



where a is an arbitrary (small) parameter and d"" are the grassmanian ghost 
fields {•§ = ^"'Ta). The gauge index a runs from 1 to 3. Also Dmi^ = 
d^'& + tg[A„^,'&]/VN. 

Altogether, this procedure defines a quantum Lagrangian given by 

A 
+tr (^{Dr^pf + ^J'mnJ^'') + ~gV {ArA"' + p^)^ 

+ ^(9-^:^)2 - la~g\0^Ty - v^T^^r 
la I 

~2 ~2 

+ 4=[^U"^^<^ + ^''A^Am(p\ + %(p\A^An + P^)(P 

\/ N jV 

(9„<^U™^ - (p'A'^d^(p) + L,w (13) 



^9 



We then calculate Veff{f,x) as a sum of the tree-level potential plus 
all one-particle-irreducible (IPI) diagrams of (p!3[) . The effective scalar po- 
tential Veff{ip) is found by ehminating x through its equation of motion, 
dVeff{ip, x)/dx = 0, which gives x as a function of ip. Since Vejf is the sum 
of IPI diagrams it need not be convex [0],p5l. K// will allow us to deduce 



if the phase transition is 1st or 2nd order (see also [pG]). 

As mentioned, the contributions to K// that survive as A^ — > oo depend 
on how A and g are held fixed in this limit. The two interesting cases that 
we consider here are 



i) X , g fixed 

ii) CXN), g fixed. 

Let us consider case i) first. Then it is known |l|| that there is a contribu- 
tion of 0{N) to Veff from the purely scalar part of the model which comes 
from summing the "superdaisy" graphs in ordinary perturbation theory in 
h. There are no contributions of 0{N) involving the gauge fields |11|. The 
gauge fields first contribute at 0(1) in Veff because the number of gauge 
degrees of freedom does not increase with N. From examining (|T3p it is clear 
that the 0{N) quantum correction comes from the part which is quadratic in 
— the quantum fields x, A and p can be ignored. A one-loop computation 
gives (x > 0) 



V7V(<^,X) 



-N^ + Nxiv^V 
A 

-n\- + Nxiv^V 
A 



v') 



~2- 
V 



+ 2NTTln{-d'^ + x) 



3 

X^ 






(14) 



where we have used a cutoff A and dropped constants. The identification 
A = 7r^T/6 reproduces exactly the renormalized high temperature 4d results 
of in for the effective mass at the origin. The "mass-gap" equation for x is 
then 



X 2 



'■' + 6 



27r 



(15) 



The physical solution for ^/x which then follows from V^ is JTHl , [0 , JTTl , |]T5 



Vx 



8^ 



'i + ^(^V-^^ + ^)-i 



(16) 



The next-to-leading corrections to Veff involve all the quantum fields. 
However, to 0(1), many of the terms in (13) are unimportant. First note 
that appears in the quantum Lagrangian quadratically. Thus these fields 
can be explicitly integrated out. In order to do this we must first shift in 
such a way as to eliminate all the terms which are linear in 0. The effect 
of doing this to the order we are working in is to simply replace the mixing 
term [llStl 



ip^0x + "^Vx 



<^V 



-X r^ X- (17) 

i-d^ + x) 

To 0(1), no new contributions are generated from the O{g'^0) mixing terms. 
Thus we can ignore these terms. 

Integrating out the scalars generates Vn and, to 0(1), a gauge dependent 
contribution from the second term in the fourth line in (13). It also generates, 
to 0(1), terms quadratic in the X; P; and gauge fields, as well as cubic 
and higher powers in these fields which appear at higher order in the -^ 
expansion. The quadratic contributions can be computed in terms of the 
vacuum polarization terms 11^^, IIpp and H^n- I^ calculating these using 
the quantum Lagrangian of eq.(13) we need to consider diagrams which only 
involve fields in the loop. Explicitly we have 



Hxxik) 



nS(fc) 



Knik) 



___Q__ 



7.2j;ab 



rs 



p[p^ + x][iP + k)'^ + x] 
1 



pP^ + X 



, CWTV^ ( 



7:2 ^ab 



r^' 



5„ 



{2p + k)rr,{2p + k)n 



P +X [p' + x][iP + k)^ + x] 



(18) 



We recall that m, n are spatial indices and a, b are gauge indices. 

It can be explicitly checked that all terms cubic or higher in the remaining 
quantum fields do not generate any Feynman diagrams which contribute at 



0(1) to Veff. This was also true for the abelian Higgs model |TT|], as well as 
for the purely scalar model |13|,[^. The quadratic part of the action for the 



remaining fields is 



l[x,ApA 



(-92 + -^VV)r^ + nS 



Pb 






-d^ + ^f^'^vW^mn + (1 - a~')dmdn5'''' + H^ 



+^1-^^ + 2^VVR 



-X 



A-^ + 



v^V 



;-52 + x) 



A-^n 



XX 



X- 



^i: 



(19) 



K// to 0(1) is then given by V^v piece, a simple one-loop contribution from 
ghosts ■j9, and the contributions from quadratic integrals over A, p, x with 
propagators modified by the vacuum polarization effects (18). The 0(1) 4d 
gauge contributions correspond to summing the IPI diagrams given in Figure 
1. 

It is known [l],ljT3| that at order A^, the potential above admits no 1st 
order phase transition. The 0{N) potential is exact in the small x limit (up 
to 4d corrections). To get the high T 4d potential Ve//(0) = TVeff{(p) we 
use (7). In the following 0^ := 0^0"^. 

To 0{N), dVeff/d(j)^ = dVeff/dcj)^ = Nx- At (j)^ = this vanishes at 
T2 = 6f^. For T > ^/6v the origin is a global minimum, and at T = T2 the 
potential grows away from the origin. For T > T2 the point x = is away 
from the origin and this has the interpretation |0 as the symmetry breaking 
minimum below T2. 

We now argue that, to 0(1), the phase transition is again second order. 
Note that all the expressions in (19) are diagonal in the gauge indices. Thus, 
to 0(1), the nonabelian nature of the gauge fields is not felt; the three SU{2) 



gauge fields behave like three abelian gauge fields. In |jTT| it was shown that 
the phase transition in the abelian Higgs model is second order at 0(1) when 
(?^/A is held fixed in the large N limit. The reason for this is the following. 
The case 5^ = is known to have a second order transition to 0(1) |ll5| , [pJ]] . 
Therefore, we need only examine the gauge contributions. At one-loop (in h) 
and high temperature, each 4d gauge degree of freedom gives a contribution 
~ —T(j)^ to Veff. It was subsequently realised [6], [7], [9] that vacuum polar- 
ization effects generate a large T dependent mass for the longitudinal gauge 
fields which eliminates their contribution to the cubic terms in K//. This 



9 



corresponds to the fact that the vacuum polarizations for the zero modes of 
the 4d longitudinal gauge fields in (18) are linearly divergent. However, it 
was also noted that vacuum polarization effects do not generate such large 
T dependent masses for the transverse gauge fields. This corresponds to 
the fact that, due to 3d gauge and euclidean invariance, the vacuum polar- 
izations of the zero modes of the 4d transverse gauge fields in (18) are not 
linearly divergent. In the limit of zero external 3-momentum, k ^ 0, we 
have Hmn ~^ 0- If this value is used for the 0(1) 3d gauge field contributions 
to Veff then one obtains contributions to the effective potential proportional 
to Trln(— 9^ + ^g'^ip'^ip), which contains a cubic term and implies a first order 
phase transition. However, this is incorrect. 

It was argued in [|l^, that for the most part, the dominant contributions 



from the vacuum polarization comes from using the large momentum limit 



of H"^ 



nKfc) -^ -rS'^V^n - k^kjk')^, (20) 

not the zero momentum limit. This result is valid for T ^ (f'^if — yx/27r ^ 
^^/(64)^ and y^ > ^^/(127r); for technical details the reader is referred to 
[pl]] . Then the 3d gauge fields give contributions to K// proportional to 



Trln 



-a^ + i^V.-f) 



(21) 



In a consistent 1/A^ approach, the critical temperature T2 when the origin 
changes from a local minimum to a local maximum is again given by the 
leading order result, T2 = ^/6v [^. In addition, to 0(1), it is consistent 
to use the leading order result (16) for ^/x- At T = T2, the combination 
V^V ~ y/x/C^^) contains no term ~ ip'^ip for small if. Therefore, at T = T2, 
the effective potential to 0(1) contains no cubic term and the phase transition 
is second order |^ . 



At this point we comment on a technical point. For the limit x ~*^ 
(where are results are not strictly valid) one can follow [0. For the case 



g = 0, Root [|T^ has shown for the 3d case that the point x = remains 



a local minimum at next-to-leading order. This analysis did not require a 
computation of Veff. Root examined dV/dcfP' in the limit of vanishing x ^^^d 
showed that the leading order gap-equation for x ij^ o^^ case eq. (15) ) 
was sufficient to show that Veff/dcf)^ = still has a solution at x = at 
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next-to-leading order. His analysis can be extended to our gauged case. We 



do not present a detailed analysis here but instead refer the reader to [13 



and also ref . |2^ where, following [^ , an analysis of the small x limit in the 
full 4d high temperature abelian Higgs model has been performed with the 
result that x = remains a point of vanishing dVeff/d(f)'^ at next-to-leading 
order. 

This information is however insufficient to deduce a second order phase 



transition. As mentioned in [T^, for sufficiently large A^ the 0(1) corrections 
cannot overwhelm the leading order conclusion of a second order phase tran- 
sition. For N not arbitrarily large we would like to know the global properties 
of Veff away from the point x = 0, and in particular if there is a point away 
from the origin at T = ^/6v where the 0(1) corrections can produce a new 
minimum and possibly even result in the breakdown of the 1/N expansion. 
In fact, from computing the effective potential to 0(1) one finds that the 
"next-to-leading" order corrections compete with the "leading" corrections 
when g'^/X ~ N. Thus, the results here are not reliable for in this case. 



The expression ( pT| ) appears to characterize, to 0(1), the correct behavior 
in the limit of vanishing x even though it is not strictly valid in this limit. 
Assuming no pathological behaviour occurs in an exact computation of Ve/f 



at next-to-leading order for small but nonzero y/x we expect that (|2T|) gives 
a good description all the way down to ^/x = ^ind also 0^ = at ^/x = 0. 

We now discuss case ii), g'^/{XN) fixed for increasing A^. This has the ef- 
fect of making the pure scalar contributions lower order in A^ and, as a result, 
both the gauge and scalar fields contribute at leading order, 0(1). To ob- 
tain the leading corrections we make the replacements A = X' /N, x —>■ x/^-> 
X — ^ x/N in (13) and study the limit A', g fixed for increasing A^. For 
the 3d gauge fields, this has the effect of making the vacuum polarization 
contribution in (21) lower order in A^. Hence, to 0(1), the transverse com- 
ponents of the 4d gauge fields give contributions to Veff proportional to 
Trln(— 9^ + ^g'^(f'^(p). This contains a cubic term so the phase transition is 
first order for sufficiently large A^. 

To conclude, the high T phase transition in the gauged SU{2) Higgs 
model with A^ complex Higgs doublets is, for sufficiently large A^, 1st order 
if i) g^ jX grows as A^ and second order if %%) g^ jX is fixed as A^ increases. 
As mentioned, we do not believe our results can be used to make a reli- 
able statement about the nature of the phase transition in the electroweak 
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model, N = 1, because in this case the number of gauge fields is equal to 
the number of real scalars. In order to make a reliable statement, more sub- 
leading corrections than those that have been computed for either cases i) 
or ii) must be determined. However, our results indicate that if the phase 
transition is first order in the exact electroweak model, it is probably more 
weakly first order than what the effective potential computed as a sum of 
ring diagrams with vacuum polarization effects evaluated only at zero exter- 
nal 3- momentum would indicate. In this case it is clearly too weakly first 
order for generating the BAU [6], [7]. It is therefore necessary to consider 
extensions to the standard model in which the phase transition can be made 
sufficiently first order in order to generate the BAU. 



The toy models we have studied here and in refs. |]rT|,|T3] demonstrate 
the care which must be taken in order to determine the strength of any first 
order phase transition. For example, let us add to the tree Lagrangian (1) 
an extra scalar particle with the Lagrangian 

L[s] := ^-d.sd^s - K + e<p\<l>^)s' - ^s\ (22) 

Here, m^,^ and As are field independent. In the 3d effective theory the 
one-loop contribution from s to the effective potential is ^Tr ln(— 9^ + m"^ + 
^"^(fAf^)- I^ contains a cubic term ~ ^^^^ for m? sufficiently small [8]. 
However, since this extra field for small m'^ is very similar to the zero mode 
of the longitudinal component of the gauge field in the abelian Higgs model, 
it is clear that in the large N limit vacuum polarization effects will generate 
a large temperature dependent mass for it and eliminate the cubic term for 
non- negative rri^ and C,f'^ < 0{T^). This conclusion is irrespective of how 
C.'^/X scales in the large A^ limit (with A^ fixed). 

Our results suggest that one should try and find simple extensions of 
the SU{2) Higgs model studied here which admit strongly first order phase 
transitions in the large A^ limit. One might hope that, for such models, 
corrections to Veff which fall with A^ cannot significantly reduce the strength 
of the first order phase transition, even for small A^. 
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Figure 1. 

Gauge loops contributing at 0(1). 
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